The one-mode analysis method on the pull-in instability of micro-structure under electrostatic loading is presented. Taylor series are used to expand the electrostatic loading term in the one-mode analysis method, which makes analytical solution available. The one-mode analysis is the combination of Galerkin method and Cardan solution of cubic equation. The one-mode analysis offers a direct computation method on the pull-in voltage and displacement. In low axial loading range, it shows little difference with the established multi-mode analysis on predicting the pull-in voltages for three different structures (cantilever, clamped-clamped beams and the plate with four edges simply-supported) studied here. For numerical multi-mode analysis, we also show that using the structural symmetry to select the symmetric mode can greatly reduce both the computation effort and the numerical fluctuation.
Introduction
In microelectromechanical systems (MEMS), electrical actuation is widely used as an exciting or control mechanism in electrostatic actuator [1] , resonant sensor [2] [3] [4] and optical scanner [5] . Electrical actuation mechanism offers many advantages like fast response and simple drive electronics [5] . Microstructure is fabricated by MEMS technology and used in microsensors and microactuators. During the manufacturing, electrostatic loading can be left over to become a pronounced factor affecting the behavior of microbeam in some electrostatic devices [6] . As the microstructure is balanced between electrostatic attractive force and mechanical (elastic) restoring force, both electrostatic and elastic restoring force increase when the electrostatic voltage increases. When the voltage reaches the critical value, the pullin value, pull-in instability happens. Pull-in is the point at which the elastic restoring force can no longer balance the electrostatic force. Further increasing the voltage will cause the structure to have dramatic displacement jump which causes structure * Corresponding author. Tel.: +86 10 62648720; fax: +86 10 62561284.
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collapse and failure. Pull-in instability is a snap-through like behavior and it is saddle-node bifurcation type of instability. Larger maximum displacement can provide the structure better sensitivity and tuning range and a large range of beam deflection can be extremely useful for a wide variety of tuning application [1] . In contrast, pull-in instability restricts the structure maximum displacement. Pull-in instability is also a major structural safety concern for MEMS structural design and test [7] [8] [9] .
For its importance in MEMS structural safety, pull-in instability is widely studied. Single degree of freedom (DOF) massspring system model is the simplest one used to predict the pullin voltage and maximum displacement [1] . Bochobza-Degani and Nemirovsky [10, 11] develop the lumped two DOF model for the pull-in analysis of the structure with bending/torsion coupling. For single DOF model, the stiffness of the continuous system is simplified as one spring constant. For structure like beam or plate, the stiffness is influenced by the axial loading, intrinsic stress gradient [12] and geometric nonlinearity due to large deflection [2] . At the same time, the electrostatic force is dependent on the deflection and this deflection dependence property is responsible for the pull-in instability. How to extract the parameters like the spring stiffness and electrostatic force for one DOF system from the physical continuous system determines the accuracy of one DOF modeling. As for the stiffening effect on the structure, the spring is treated as Duffing spring (hardening spring) [13] [14] [15] [16] . The nonlinear cubic term in the Duffing spring is due to the mid-plane stretching of the structure and such nonlinear term has pronounced influence on the structure secondary resonance for the dynamic study [16] . Such nonlinear term contribution to the stiffening of the structure is also deflection-dependent for the continuous system. Axial force appears in the governing equation as a linear second order term, which can either stiffen (tensile load) or soften (compressive load) the structure. The axial force influence on the beam pull-in displacement and voltage is investigated by many [2, 3, 6, 17] and is clearly indicated by the ratio of the two dimensionless numbers [17] . Electrostatic force also has the softening effect on the structure stiffness [18] . Pamidighantam et al. [19] derived the close form solution for the beam continuous system with fixed-fixed and fixed-free boundary conditions by introducing the concept of the effective stiffness.
Very similarly, Lobontiu and Garcia [20] use lumped effective inertia and stiffness to derive the close form compliance/stiffness equations for the cantilever structure in atomic force microscopy design. As demonstrated by Hu et al. [18] , there is significant computational difference on the pull-in voltage between lumped model and modal expansion method (Galerkin method) and the experimental results match the results of Galerkin method very well. Meanwhile, using the orthogonality of the mode shapes can greatly reduce the computation effort [18] . Choi and Lovell [6] provide a model on the continuous system, but their model on mechanical restoring force part is linear. Because many MEMS structures may experience large deflection, AbdelRahman et al. [2] provide a refined model which includes the nonlinear mechanical restoring force due to the mid-plane stretching, which stiffens the structure. The models presented here account the influence of both axial force and mid-plane stretching.
For multi-mode analysis [10, 11, 15, 16, 21] , generally speaking, Newton-Rhapson method is used as the solving method and the gradients are calculated for each iteration step. Relative large computational difference is shown for pull-in voltage between one-mode analysis and two mode analysis [10] . Maybe this is due to the trial function for beam deflection used in their Rayleigh-Ritz method though physically it is also well possible that the second mode shape contributes significantly to the deflection. As for the Galerkin method which uses the structure mode shape as its weight function, Wang et al. [21] show the very good convergence on the computation of the pull-in voltage as the mode number increases. Bochobza-Degani et al. [22] presented an algorithm called displacement iteration pull-in extraction (DIPIE) algorithm. DIPIE algorithm uses a relaxation scheme to avoid the numerical calculation of the electrostatic and mechanical fields gradients. The algorithm iterates until the deflection is converged.
The analytical one-mode analysis presented here does not need any iteration. Rong et al. [23] present an analytical method for pull-in analysis of clamped-clamped multilayer beam. Their method is Rayleigh-Ritz method and assumes one deflection shape function. They derive the two governing equations by enforcing the pull-in conditions that the first and second order derivatives of the system energy functional are zero. In their model, the pull-in voltage and displacement are coupled in the two governing equations. For our analytical one-mode analysis presented here, it directly calculates pull-in voltage and displacement in one governing equation. The accuracy of the one-mode analysis depends on Taylor series expansion on electrostatic force term which has the truncation error. Compared with the Taylor series expansion on electrostatic force done by Hu et al. [18] , our one-mode analysis method keeps more Taylor series expansion terms. In multi-mode analysis, the fact that the slope of voltage-displacement around the pull-in approaches infinity is used as the criterion to determine when pull-in happens [21, 24] . Therefore, for the numerical multi-mode analysis, the pull-in displacement can have relatively large numerical fluctuation because any tiny change of electrostatic voltage around pull-in point can cause very large displacement change. That is also why the pull-in displacement is extremely sensitive to the voltage step size around the pull-in point in the numerical multimode analysis. However, there is no such numerical fluctuation in the analytical one-mode analysis. The analytical one-mode analysis offers an efficient, direct and fast method to calculate pull-in voltage and displacement.
In this paper, we first analyze the pull-in instability of single degree of freedom system. The governing equation of single DOF system derived from the balance of mechanical (elastic) restoring and electrostatic forces is a cubic equation. The analytical Cardan solution of a cubic equation is shown here that it can also be used to predicate the pull-in instability. The analytical study on the continuous system is based on the assumption that the first mode shape is the dominant deflection shape and only the first mode shape is used for the discretization. The continuous system is discretized and computed by modal analysis (Galerkin method). Such analytical study is also compared with the numerical multi-modal analysis to show its validity (in certain range) and evaluate its applicability range.
Pull-in instability of single degree of freedom system
The governing equation for single DOF system shown in Fig. 1 is given as
w is the plate displacement, d the gap distance between plate and electrode before actuation, k the spring stiffness and C is a constant given as C = εAV 2 /2 [1] (ε, permittivity of free space; A, plate area; and V, voltage.) Left side of Eq. (1) is the elastic restoring force and right side is the electrostatic force. For electrostatic force, the expression above does not account for the fringing fields effect [13, 23] . By simple manipulation, Eq. (1) can be rewritten as
C 0 = C/k. This is cubic equation and can be analytically solved by Cardan solution [25] . In cubic equation, Q is the parameter indicating the solution scenarios of the three roots. Q is given as
Here
When Q < 0, there are three real roots. When Q = 0, there are three real roots, at least two roots are the same.
When Q > 0, there are one real roots, two complex conjugate roots.
Without loss of generality and for the simplicity, d is set as 1 in Eq. (2) . The three roots of Eq. (2) are given in Fig. 2 as C 0 changes from 0 to 4/27. The three real roots exist until C 0 = 4/27. At C 0 = 4/27, Q = 0. After C 0 = 4/27, only w 3 exists in real domain. w 3 can be excluded because w 3 ≥ 1, which physically means that the plate penetrates the electrode. w 2 can also be excluded because it is an unstable solution. So only w 1 is the stable and physically reasonable solution for Eq. (2). From  Fig. 2 , it is shown that at C 0 = 4/27, w 1 = w 2 = 1/3. After that, w 1 and w 2 cease existing in real domain and only w 3 is left. Further increasing C 0 , the (real) solution will jump from w 1 to w 3 in real domain. This indicates the pull-in instability happening for single DOF case. 1/3 is the maximum plate displacement before pull-in instability. This 1/3 value is the widely used criterion among electrical engineers, which is only valid for single DOF system. As it will be shown later, for the continuous system, the axial load will play an important role in this critical value and this 1/3 value can no longer be valid. By analyzing the single DOF case, the conclusion can be made that changing C 0 results in the change of Q from negative to 0. Q = 0 indicates pull-in instability. It is also shown that w 1 and w 2 are two repeated roots at Q = 0. This property can also mathematically help to select w 1 from the three roots at Q = 0 from Cardan solution.
Another way to look at the problem is to look at the balance between mechanical restoring force f m and electrical attractive force f e . f m is defined as f m = kw and f e is defined as f e = C/(d − w) 2 . Without losing generality and to make things simple, the spring stiffness k is taken as one. In Fig. 3 , it is shown that when C = C/k = C 0 = 2/27 (pull-in does not happen), there are three distinctive intersection points, w 1 , w 2 and w 3 . These three intersection points are the equilibria of the single DOF system. Clearly w 3 (w 3 > 1.0) is physically impossible and w 2 is an unstable solution. Only w 1 is the stable and physically reasonable solution. As C increases, w 1 and w 2 come closer to each other. As it is shown in Fig. 4 , at the point C = 4/27 (pullin happens), the two points collide and the mechanical force curve (the straight line) is tangent to the electrical force curve. If C keeps increasing, there will be no intersection point(s) in w < 1.0 domain. The only intersection point will be w 3 and w 3 > 1.0, which means there is no physical equilibrium after C > 4/27.
Pull-in instability of continuous system: cantilever and clamped-clamped beams

One-mode analysis of beam
The nonlinear differential governing equation for electrically actuating beam which accounts for the mid-plane stretching is given as [2] 
E is the effective Young's modulus, I the moment of inertia and I = bh 3 /12 (b, h: beam width and thickness). A the beam cross section area (A = bh), ε the dielectric constant, V p the electrostatic voltage, w the beam deflection, d the gap distance and l the beam length. P is the axial load, P > 0 is tensile and P < 0 is compressive. For clamped-clamped beam, the boundary conditions at the ends are:
For cantilever beam, the boundary conditions at the ends are [27] :
Following Abdel-Rahman's nondimensionalization scheme [2] , let
Eq. (4) is nondimensionalized as
To use the analysis of cubic equations, this nonlinear equation needs to have such following manipulation on the electrical loading term
This Taylor series expansion requires |2W-W 2 |<1. Because physically 0 ≤ W < 1, this requirement can be satisfied. Now Eq. (8) is changed as
The dimensionless beam deflection W is assumed to have only one mode, W = a 1 φ 1 .φ 1 is the first mode shape of cantilever beam or clamped-clamped beam. When the transverse displacement W increases, the Taylor series expansion becomes less accurate because the terms taken in the Taylor series above are only up to cubic term. The mode shapes of the beam with different boundary conditions are given by Chang and Craig [26] . The mode shapes given by Chang and Craig are the mode shapes of the beam without axial loading. For the clamped-clamped beam, the axial load does not change the boundary conditions. For clamped-clamped beam case, the computation results using the mode shapes of zero axial load case make little difference from those using mode shapes of nonzero axial load when the axial load is moderate. But for cantilever beam, one of bound- (6) is directly related to the axial load P. The mode shape for the cantilever beam must be computed every time when the axial load P(N) changes. The computation of the cantilever beam mode shape with axial load is given in the appendix. 
This is a cubic equation of a 1 and it can be rewritten as
And G is
Also let 
Multi-mode analysis of beam
For the multi-mode analysis here, there is no Taylor series expansion operation for the electrical part.
The governing equation is Eq. (8).
The displacement is assumed to have the following form 
4. Comparative study of the pull-in instability of the beams under one-mode and multi-mode analysis Fig. 6 shows the maximum α 2 V 2 p can be reached before pullin instability happens for the different nondimensional axial force N for the clamped-clamped beam. Fig. 7 shows the same thing for the cantilever beam. α 1 for both beam structures here is taken as 3.7. In both figures, the one-mode analysis results are compared with the multi-mode analysis results. In the multimode analysis for both the clamped-clamped and cantilever beams, M here is taken as 5, which shows very good convergence. The critical pull-in α 2 V 2 p increases almost linearly as axial load N increases. The one-mode analysis shows very accurate prediction on the pull-in α 2 V 2 p . Fig. 8 shows the critical maximum displacement (W(0.5)) at the pull-in α 2 V 2 p for the clamped-clamped beam. Fig. 9 shows the critical maximum displacement (W(1.0)) at the pull-in α 2 V 2 p for the cantilever beam. It is noticed that in both figures, the one-mode analysis only predicts the trend of critical maximum displacement. As the axial load N increases and the difference between multi-mode and one-mode analysis is very significant. To explain this, the maximum beam deflection (W(0.5)) of the clamped-clamped beam is shown in Fig. 10 and the maximum of beam deflection (W(1.0)) of the cantilever beam is shown in Fig. 11 . For both figures, the x-axis is α 2 V 2 p , which increases from zero to the critical pull-in value. The critical pull-in points are marked by the circles. Those pull-in displacements in Figs. 8 and 9 are the same as those of Figs. 10 and 11. Clearly the deflections in both Figs. 10 and 11 show the similar behavior as w 1 shows in Fig. 2 . The slopes of those curves dramatically change to a large number around the critical pull-in α 2 V 2 p . At the critical pull-in α 2 V 2 p , the slopes are infinite. So small change of α 2 V 2 p around the critical value can cause the huge change of the maximum beam displacements. Although the odd-mode method offers the better convergence for the symmetric structure which we will discuss in the next section, the Galerkin computation method of multi-mode analysis still experiences the convergence difficulties around the pull-in α 2 V 2 p . That is the reason why one-mode analysis offers much more accurate pull-in α 2 V 2 p than critical maximum displacements.
It is also noticed that in Fig. 8 the critical maximum displacements of the clamped-clamped beam (W (0.5)) decrease monotonically as the axial load N increases. But in the Fig. 9 , the critical maximum displacements of cantilever beam (W (1.0)) are the opposite. They increase monotonically as the axial load N increases. To explain these two opposite trends, the weighted mechanical restoring force F m and weighted electrical force F e are introduced. F m is defined as
And F e is defined as φ 1 here plays two roles: mode shape and weight function. As it can be clearly shown in Fig. 4 , when the mechanical force curve is tangent to the electrical force curve, pull-in instability happens. In both Figs. 12 and 13, α 1 is defined as 3.7. In Fig. 12 , the x-axis is a 1 φ 1 (0.5) of the maximum clamped-clamped beam displacement at the center (here φ 1 : the first mode shape of clamped-clamped beam). In Fig. 13 , the x-axis is a 1 φ 1 (1.0) of the maximum cantilever beam displacement at the tip (here φ 1 : the first mode shape of cantilever beam).
In Fig. 12 , there are two pull-in states for the clamped-clamped beam under N = 0.2 and 24. Clearly, when N increases from 0.2 to 24, the beam stiffness increases, which is reflected by the slope increment of the mechanical force curve. At the same time, the pull-in α 2 V 2 p also increases, which is reflected by the moving-up of the electrical force curve. The exact same thing happens in Fig. 13 for cantilever beam. For clamped-clamped beam in Fig. 12 , the tangent point, which indicates the critical maximum beam displacement, decreases from 0.664 to 0.576 as N increases from 0.2 to 24. However, for cantilever beam in Fig. 13 , the tangent point increases from 0.487 to 0.5525 as N increases from 0 to 4. For both clamped-clamped and cantilever beams, as the axial load N increases, both the beam stiffness and the pull-in α 2 V 2 p increase. As these two factors compete to each other, the x coordinate of the tangent point (critical maximum beam displacement) may decrease (clamped-clamped beam) or increase (cantilever beam). So far, the parameter α 1 is always defined as 3.7 for all the results shown above. In Eq. (8), the parameter α 1 can be viewed as a parameter indicating the nonlinearity of a part of mechanical force. Small α 1 indicates weak nonlinearity and big α 1 indicates strong nonlinearity. In Fig. 14 [2] that the curves with different α 1 never cross each other. It is also shown by Abdel-Rahman et al. that for clamped-clamped beam, bigger the α 1 is, larger the pull-in α 2 V 2 p is. This agrees with intuition because when only α 1 increases, it means the nonlinear part of the mechanical force increases. As the result, the whole beam mechanical restoring force is expected to increase. So the bigger pull-in α 2 V 2 p is expected. But as Eqs. (12)- (14) indicate that the change of α 1 will change every coefficient of Eq. (12) . Although the mechanical restoring force increases due to the increment of α 1 , the critical maximum beam displacement also changes. Fig. 15 shows the critical maximum beam displacement (W (1.0) ) of the cantilever beam as the axial load N changes. It is worthy noticing that the two curves also cross each other at N = 4.41. So for cantilever beam, although bigger α 1 means the bigger beam nonlinearity of mechanical force and more restoring mechanical force, the required critical maximum displacement with bigger α 1 is also smaller until N = 4.41. The smaller critical maximum displacement requires the less pull-in α 2 V 2 p to let the system to reach the pull-in position. But as the system gets stiffer due to the increment of parameter α 1 , its restoring force increases. These two factors compete to each other, as the result, cantilever beam with bigger α 1 actually has smaller pull-in α 2 V 2 p shown in Fig. 15 until N = 4.41.
Comparison of all-mode method (AMM) and odd-mode method (OMM) for clamped-clamped beam
For clamped-clamped beam case, if W is expanded as the following odd-mode only series, the computation results are better than those of all-mode expansion.
Odd modes are symmetric modes and even modes are the antisymmetric modes. For clamped-clamped beam, the boundary conditions are symmetric. From the governing equation of (8) for clamped-clamped beam, it can also be shown that the through the whole domain, the electrical force is uniformly distributed. One of odd-mode method advantages is obvious. It dramatically reduces the mode number required to have the same precision as all-mode method expansion. It also reduces the numerical fluctuation around the pull-in instability area. The fluctuation is due to the slope of voltage-displacement curve increases to infinity at the pull-in point. And the numerical computation on the pullin displacement is extremely sensitive to the step size. For the sake of brevity, we only show this sensitivity in the computation of plate in the next section. In contrast, for the analytical solution of one-mode analysis, there is no such problem.
The numerical fluctuation around the pull-in is shown in Fig. 16. Fig. 16 shows the comparison of AMM and OMM at α 1 = 3.7 and N = 30. There are five modes φ 1 , φ 2 , φ 3 , φ 4 , φ 5 used in AMM and three modes φ 1 , φ 3 , φ 5 used in OMM. The results are almost exactly the same except those in the tiny area of 135.3 < α 2 V 2 p < 135.8, which is very close to the pull-in. There is obvious numerical fluctuation in AMM and it happens to be no numerical fluctuation in this case for OMM. Generally speaking, OMM has much less numerical fluctuation than AMM.
Continuous system: plate with four edges simply-supported
Plate governing equation and nondimensionalization
For the pull-in study on the plate, here only the case of the plate with four edges simply-supported is selected for the simplicity reason. The schematic diagram of the plate and its coordinate are shown in Fig. 17 Fig. 17 . N x and N y are normal loadings. N xy is shear loading. q = q(x, y) is the transverse load intensity (load per unit area). Here only the electrical loading contributes to this load intensity. Therefore, the load intensity is given as
and V are defined the same as those for one DOF system and beams above.
In order to nondimensionalize Eq. (21), the following dimensionless numbers are introduced
a and b are the plate length and width shown in Fig. 17 . Eq. (21) now is nondimensionalized as
Here ψ is the aspect ratio defined as ψ = b/a. a 1 , a 2 , a 3 and a 4 are defined as follows
One-mode analysis of plate
The one-mode analysis is very similar to those of beams. The electrical load intensity part q(x, y) is expanded into Taylor series, therefore, Eq. (23) is changed as the following
The dimensionless deflection W here is assumed to have only one-mode shape expansion, which is W = b 11 φ 11 (ξ, η). b 11 is the modal amplitude to be determined and φ 11 is the plate mode shape with the lowest eigenfrequency. For rectangular plates with different boundary conditions, the mode shapes with different eigenfrequencies are given by Gorman [29] . For the plate with four edges simply-supported, the expansion can be simply expressed as W = b 11 sin(πξ) sin(πη) Substitute this expression into Eq. (25) 
After the integration, the equation above can be written as a cubic equation of b 11 as follows
Here κ 1 , κ 2 and κ 3 are defined as
J here is defined as J = 4a 1 1 0 1 0 φ 4 11 dξ dη. Very similarly as the Cardan solution used in one DOF system and beams cases, now Q is defined as
κ 1 , κ 2 and κ 3 contain a 1 . The pull-in point can be determined from equation Q = (a 1 ) = 0 as Q defined in Eq. (29) . Thus, a 1 can be calculated from the equation Q(a 1 ) = 0. Once a 1 is determined, the pull-in displacement can also be determined from Cardan solution. Therefore, the one-mode analysis basically is to solve the cubic equation of the modal amplitude of the plate mode shape with the lowest eigenfrequency. The onemode analysis does not assume the effective stiffness to treat the continuous system as the one DOF system. The discretization, which assumes only one-mode shape of plate deflection, and Taylor series expansion together help to generate this cubic 
Multi-mode analysis of plate
Once again, for the numerical multi-mode analysis, it is unnecessary to have a Taylor series expansion for the electrical loading part. The plate is assumed to have such expansion
Here M 1 and M 2 are mode numbers. M 1 and M 2 may not necessarily equal each other. b ij is the modal amplitude to be determined. φ ij is the plate mode shape. The four mode shapes with the lowest four eigenfrequencies are shown in Fig. 18 . They are 1-1, 1-2, 2-1, 2-2 types of the mode shapes. Substitute the expression above into Eq. (23) and use the same Galerkin method shown in one-mode analysis on the plate above.
Newton-Rhapson method is applied to the nonlinear equation set. It is also noticed that for the four modes, only 1-1 and 2-2 are symmetric among all of these four mode shapes. The discussion on the AMM and OMM for clamped-clamped beam case is valid for the plate studied here as its boundary conditions (four edges simply-supported) and electrical load are symmetric. Only these two modes can be useful during the computation.
7.
Results and discussion for the pull-in instability of the plate Fig. 19 shows the pull-in a 1 calculated by the one-mode analysis method. The plate for all the cases computed here is a square plate, which means the aspect ratio ψ = 1. Here a 4 is set to be zero, which is no shear loading case. β is set as β = a 3 /a 2 , which indicates the relation of the axial loads in x and y directions. The pull-in a 1 versus a 2 for three sets of different βs are shown in Fig. 19 . As it is shown, the pull-in a 1 increases as the axial loading increases. When the axial loading increases, the plate becomes stiffer. The plate is stiffened by the axial loadings of both directions. As the result, larger voltage is required to have the system to pull-in.
As we mention above that the multi-mode computation of pull-in displacement is largely dependent on the step size of a 1 . Because the slope of a 1 versus displacement curve becomes very large and approaches infinity around the pull-in point, any tiny change of a 1 can cause very large change of pull-in displacement. Fig. 20 shows this pull-in computation sensitivity to step size of a 1 . In Fig. 20 , the plate center deflection (W(1/2, 1/2)) increases as the a 1 gradually changes from zero to its pull-in value. The three computation results of plate center pull-in displacement under different a 1 step sizes of 0.2, 0.3 and 0.4 are shown in Fig. 20 . The plate center pull-in displacement is computed as 0.5142, 0.479 and 0.6172, respectively. For one-mode analysis, this value is calculated as 0.5827. In Fig. 20 case, the plate is under no axial loading in both directions. While, the pull-in a 1 is not affected by this step size very much. The pull-in a 1 computed by the three different step sizes is 41.2, 41.4 and 41.6, respectively. For the multi-mode analysis here, increasing mode number does not help to improve the computation accuracy much because the first mode shape is the predominant deflection shape. However, it may affect the convergence around the pull-in point. Fig. 21 shows the plate center deflection changes from a 1 = 0 to its pull-in value for the different x-direction axial load cases (a 2 ). The other load related parameters a 3 and a 4 are both set to be zero. The step size of a 1 is set to be 0.2 for all the cases shown in Fig. 21 . As the axial load (a 2 ) increases, the pull- in a 1 also increases. For the plate center pull-in displacement, it is irregular. The similar irregularity property is also shown in the computation results of the pull-in center displacement of the clamped-clamped beam by Abdel-Rahman et al. [2] . Fig. 22 shows the comparison of the pull-in a 1 computed by one-mode and multi-mode analysis method. a 3 and a 4 are also set zero in this case. As it is shown, the pull-in a 1 increases linearly as a 2 increases. This phenomenon is also shown in the clamped-clamped beam structure under axial loading we show above and the study of Abdel-Rahman et al. [2] . As it is shown in Fig. 19 , this linear relation still keeps under both x and y directional axial loadings. The multi-mode analysis pull-in a 1 value is always smaller than the one-mode analysis result. And as the axial load (a 2 ) increases, the computation difference of the two methods enlarges. Although the one-mode analysis is to use the analytical solution of the cubic equation and the multimode analysis is to use Newton-Rhapson methods, the solution method is not the main reason causing the difference. Fig. 23 shows the plate center pull-in displacement for different axial a 2 cases. a 3 , a 4 are also both set to be zero. For the one-mode analysis, the plate center pull-in displacement keeps constant as 0.5827 for different loading cases. While for the multi-mode analysis, it is irregular pattern. The a 1 step size used in the computation is also 0.2.
Summary and conclusions
The pull-in α 2 V 2 p and critical maximum displacements of clamped-clamped and cantilever beam are compared. For both clamped-clamped and cantilever beams, the pullin α 2 V 2 p s increase as axial load N increases. But when axial load N increases, the critical maximum displacement of clamped-clamped beam W(0.5) monotonically decreases but the critical maximum displacement of cantilever beam W(1.0) monotonically increases. Although increasing axial load N increases beam mechanical stiffness and the pull-in α 2 V 2 p , it will not necessarily improve the critical maximum beam displacement. In other words, the tuning range of voltage can be definitely improved by increasing axial load. But the tuning range of critical maximum displacements will not necessarily be improved by doing the same thing. As a structure in MEMS actuators, switcher, etc. under electrical actuation, the tuning displacement range of clamped-clamped beam will decrease as the axial load N increases. Cantilever beam has much smaller stiffness, but both the tuning voltage and displacement will increase as the axial load N increases.
One-mode analysis method shows its accurate prediction on the pull-in α 2 V 2 p . One-mode analysis given in this paper basically is to use Taylor series expansion and Galerkin method to transform the nonlinear differential equation into a cubic equation. The validity of one-mode analysis relies on the fact that the first mode is the dominant deflection shape for the beam/plate structure under electrical actuation and small axial load. The advantages of one-mode analysis are the analytical solution available and only small amount of computation needed. For one-mode analysis, it should also be aware that the truncation error due to Taylor series expansion may be large when axial loading or structural deflection is large. Multi-mode analysis is a more general analysis tool. It does not need to use Taylor series to approximate the electrical force. In that sense, it is more accurate than one-mode analysis. It uses Newton-Rhapson method to solve the equation and pays the price of much more computation effort than one-mode analysis. Multi-mode and one-mode analysis are two quite different methods, which as a result, can be used to verify each other.
As mentioned above, the first mode shape is the dominant beam/plate deflection shape. Mode number is not a major factor influencing the computation results of the multi-mode analysis. The error sources of one-mode analysis are the truncation error due to the Taylor series expansion on the electrical force part and the possible participation of higher mode shapes into the deflection. As the axial load increases, the pull-in voltage increases. The pull-in voltage behaves like a magnification factor which enlarges the difference between the two analysis results when the axial loading increases. Numerically we use the property of the slope of voltage-displacement approaching infinity to determine the pull-in instability, the computational results of multi-mode analysis is largely dependent on the voltages step size. Therefore, the pull-in displacement computed by multi-mode analysis can also problematic when using the inappropriate voltage step sizes. In practice, the control parameter is the voltage and the pull-in voltages computed by one-mode analysis and multi-mode analysis agree well with each other for the range of small axial loading (both compressive and tensile). 
Substitute the V solution form into these four boundary conditions, then there is a 4 × 4 determinant. Solving the determinant will give the eigenfrequencies of the systems and by substituting each individual eigenfrequency into that 4 × 4 matrix, the mode shape can be found. For compression case, the solution has the form V = A e f 1 ξ + B e −f 1 ξ + C sin(f 2 ξ) + D cos(f 2 ξ) (
And the boundary conditions change as
The similar procedure to tension case is repeated here to find out eigenfrequencies and mode shapes for the compression case.
